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Obliquely grooved sheet samples of high-impact polystyrene were used to establish
conditions that lead to the early stage of plastic deformation under combined-stress loading
conditions. By applying the plasticity theory and the method proposed by Hill to the
thermoplastic, it was demonstrated that the basis for relating incremental strain rate with
the corresponding deviatoric stress could be established. Yielding under the
combined-stress loading condition was also shown to be strongly dependent on the sign
of stress. Some insight into the asymmetric yielding behaviour was gained by determining
the density and orientation dependence of crazes around the rubber-modified particles. It
was shown that the process of craze initiation depended on the prevailing stress state and
did not follow the stress or strain criterion. Based on the testing method used, a simple
procedure of predicting sheet drawability is outlined.

1. Introduction
A number of criteria have been proposed
recently to account for the yielding behaviour of
polymer materials under the general state of
stress [1-4]. Some of the important features of
the phenomenology are related to effects
associated with the hydrostatic component of
the stress tensor [5-11] and with the anisotropy
of mechanical properties [12-14]. The yielding
behaviour of glassy polymers, therefore, may be
expressed as a modified Tresca or Von Mises
criterion where the deviatoric shear stress, which
may be asymmetric, is related to the hydrostatic
stress dependent plastic resistance of material.
This component of plastic resistance has been
identified by Argon [15] as distortional plasticity.
By contrast, the process of crazing can be
considered as a complimentary mechanism of
yielding, identified as dilational plasticity.
Because of the dual nature of yielding that
may take place in glassy polymers, a full
description of yielding requires detailed observa-
tions of changes that take place in both structure
and property. As a step toward achieving that
goal, experiments were carried out to determine
yielding behaviour of a rubber-modified poly-
styrene under the combined stress loading
conditions. At the same time, microstructural
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examinations were made of deformed samples.

The specific purpose of the present work was
to explore the use of sheet samples [16] in the
manner proposed by Hill [17] to establish the
basis for the plastic flow rule and to relate
yielding behaviour to changes that took place
in the microstructure, all at room temperature
and a strain rate which was nearly constant. The
exper-mental method was shown to be capable of
determining flow characteristics over the region
of stress states that is critical in identifying
distortional and dilational flow processes. The
technique is simpler than the tube-type test so
that it may readily be used for other applica-
tions, such as in the study of hydrostatic stress
dependency of yielding. Based on the testing
method outlined, a simple procedure of pre-
dicting sheet drawability of polymer materials
is also proposed.

2. Review of theory on localized
deformation
The plasticity theory on the use of the obliquely
grooved strips was proposed by Hill [17] and has
been applied largely to metals [18-20]. A limited
use of the method was also made with poly-
carbonate [21].
The basic feature of the testing method is that
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plastic flow is allowed to take place along specific
but different directions with respect to the
loading axis. For example, when the test sample
with a groove of the inclination 6 is pulled in
tension, one side of the groove becomes dis-
placed with respect to the other in the manner as
shown by the dotted lines in Fig. 1a. The resulting
plastic strain increment, therefore, has a
relative velocity, v, which is directed along the
direction, i, inclined to the side of groove.
Since there are two directions of zero strain
rate, one in the 6O-direction and the other
perpendicular to the direction of relative
velocity, v, one of the principal axes of strain
rate must bisect these two directions, as indicated
by v, in Fig. 1b. If the distance in the groove
in the direction of velocity v, is L, the corre-
sponding strain rate is,
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Having determined the directions of principal
strain rate, the magnitude of principal stresses
can be readily estimated. Considering an
element of material idéntified by a square in
Fig. Ic, the normal and shear stresses, on and o
respectively, acting on the inclined plane or the
groove, are related to principal stresses by

g+ a0y, 0y

on =22+ ;“%oszg 3)

o5 = D sin 2 @
where the angle between two stresses is given by
£ which is equal to (7/4 — ¢/2) (Fig. 1b). Since
normal and shear stresses are related to the
applied load F, net cross-section of the groove
(h x 1), and the inclination 6 where 4 is the
thickness and / the width of groove, or on =
F-sin 8/(h-1) and o5 = (F-cos 0/(h-1), substitu-
tion of these relationships into Equations 3 and
4 yields
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Figure 1 Schematic diagram showing different orientation
relationships in obliquely grooved tension sample: (a)
position of relative velocity, (b) principal strain rate
directions and (c) principal stress directions.

F
%= Toosd [sin (§ — &) + cos 8] (5)

F
oy = i Toos 3 [sin (f — &) — cos 0]. (6)

This means the value of iy must be deter-
mined accurately for each material as well as for
a given value of 6. Details concerning the
measurement of i are treated in the next section.

In principle, Hill’s theory can be also applied
directly to polymer materials to determine if
they obey the plastic flow rule. For example, the
plasticity theory developed for metals demands

that
v_2é2——é1—é3_20'2'—01'—03'
€ — €3

=p (D

where v and p are known as Lode’s parameters
for strain rate and stress, respectively and o',
o, and o, are deviatoric stresses in three
principal directions. All the terms in Equation 7
can be determined readily, except the quantity
¢;. A difficulty with polymer materials is that the
volume does not necessarily remain the same in
the plastic range so that €; cannot be easily
calculated from ¢; and ¢, If, however, it is
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assumed that the volume remains the same, the
Lode parameters become,

3(1 — sin ¢)
T T (1 +3sing) ®
3cosf —sin (0 — o)
F= 7 CosO+sn(@ — ) ©

If v = p, Equations 8 and 9 yield the relationship
tan @ = 4 tan . On the other hand, the Lode’s
variable for the strain rate becomes v* = 3 —
sin /(1 -+ sin ) when ¢; = 0.

3. Experimental methods
3.1. Material and test specimen

A commercial grade of high impact polystyrene
was obtained from Cadillac Plastic and Chemical
Company in the form of extruded sheet of 3/16 in.
(4.76 mm) thickness. Owing to the presence of
randomly distributed pigments in the material,
the sheet was essentially opaque to light.

Plastic anisotropy within the plane of the
sheet was examined by pulling uniaxial tension
specimens cut along different directions with
respect to the original extrusion direction, i.e.
0°, 30°, 60° and 90° to the original extrusion
direction. The maximum stress at the load drop
was 2590 psi* in the extrusion direction and
increased gradually to 2700 psi in the transverse
direction, the maximum deviation being about
49, all under the initial strain rate of 0.025
min—!. Since the tension test data did not
indicate marked departure from planar isotropy,
all the subsequent experiments were made with
the sheet in the as-received condition, without
any stress relief or annealing treatment.

The details of sample geometry are shown in
Fig. 2. Two grooves with different inclined angle,
8, were machined symmetrically along the length
of sheet specimen in order to compensate for the
bending moment. Five inclined angles were
selected; they were 6 = 88°, 69°30', 54°44’
39°30" and 24°. A thin and wide tension test
specimen develops necking at 54°44’ to the
tension axis when the metal is nearly isotropic
[22]; this, therefore, corresponds to the stress
state produced in a simple uniaxial tension test.
In addition, flat tension samples (without the
groove) were also prepared, with the gauge length
measuring 1.5 in. (3.8 ¢cm) wide and 5 in. (12.7
cm) long. All the grooved samples were pulled

*10® psi = 6.89 N mm~2.
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Figure 2 Details of sample geometry: (a) overall view and
(b) cross-section of the gauge, all dimensions in inches.

at the cross-head speed of 0.020 in. min~' in
duplicate.

The direction of relative velocity, », was
determined by scribing a total of seven lines
radially across the groove, with the spacing
between the lines being 30 min 4- 2 sec, similar
to the previously described procedure [17, 18].
The middle line for each sample was drawn
according to the theoretically predicted rela-
tionship, tan 6 = 4 tan . A time-lapse photo-
graphy method was used to obtain a record of
displacement of scribed lines with increasing
strain.

A clip-on extensometer was attached to one
of the grooves which enabled determination of
the load versus displacement relationship across
the groove. In addition, a load versus time record
was also obtained.

3.2. Metallography

Details of microstructure were examined by
transmission electron microscopy on micro-
tomed samples. Blocks were cut from the stress-
free and stressed regions of test samples and
trimmed in the shape of truncated pyramids. The
direction of stress in relation to the shape of the
pyramid was noted. The samples were thin
sectioned (approximately 2000 A were removed
from each block face), placed in 19, OsO, for 7
days, rinsed in distilled H,O, and sectioned in a
Porter-Blum MT2-B ultramicrotome with a
diamond knife. Silver grey sections were floated
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TABLE I A summary of results on offset line measurement

8 60— 4 o— n n v u
calculated experimental  calculated experimental  experimental experimental

88° 5° 57 4° 51" 82° 3 83°9 —0.0054 —0.169

69° 30" 35° 44 34° 447 33° 46’ 34° 4¢7 —0.476 —0.523

54° 44/ 35° 16 34° 167 19° 28’ 20° 28’ —0.952 —1.025

39° 307 27° 517 26° 517 11° 38’ 12° 39’ —1.414 —1.523

24° 17° 39 18° 09’ 6° 21" 5° 51° —2.062 —1.983
TABLE II Variation of »* when €; = 0 4. Results

[ y v
theory experimental
88° —1.009 —1.007
69°30/ —1.5710 —1.547
54°44" —2.000 —1.964
39°3¢/ —2.3284 —2.281
24° —2.6016 —2.630
. 3 —sin ¢
¥ = - ——
1+ sin ¢
0 T —T T T T o;q
// (‘1=|/2
L s
/7
/
/
_l f— _./ —
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Figure 3 Plot of Lode’s relationship where the dotted line
is derived from the equation, v = u. Different stress
states given by the values of « are also indicated.

on a H,O bath, and collected on 200 mesh copper
grids by touching the grid to the surface of the
sections. The sections were examined with a
Philips 300 electron microscope at 100 kV and
the orientation of each section was noted
before micrographs were taken. By making the
prints with the emulsion side up, it was possible
to identify the loading direction as well as the
direction of groove.

664

4.1. On the plastic flow rule

The plastic flow rule which has been developed
for metals requires that the strain rate incre-
ments in all directions are of such magnitude that
the ratios of strain rate increments are equal to
the ratios of the corresponding deviatoric
stresses. The Lévy-Mises equation is an example
of such a relationship. One parameter that
describes such  geometric correspondence
between strain rate increments and stress state is
known as Lode’s variable (Equation 7).

Calculated and experimentally obtained values
of  from the offset line experiment are sum-
marized in Table I together with Lode para-
meters (Equations 8 and 9). When these data are
plotted to show the relationship between » and
p in Fig. 3, experimental points are seen to
follow closely with the predicted relationship
tan @ = 4 tan s (Equation 7). It must be pointed
out that the Lode’s strain variable, v, was
calculated directly from €, and ¢€,, but €; in the
through thickness direction was assumed to be
equal to — & — é,. For the purpose of com-
parison, the predicted and experimental values of
v obtained under the assumed condition of
e; = 0 are also summarized in Table II.

4.2, Yielding and plastic flow
From the load versus displacement (at the
groove) relationship together with the direction
of relative velocity, ¢, it is possible to obtain
stress-strain curves in the principal stress
directions. An example of a stress-strain rela-
tionship resolved in the normal direction of
groove is shown in Fig. 4. The normal stress, for
example, is calculated by on = P/(w-h) - sin? 6
where w is the width of test specimen and 4 the
thickness in the groove. The normal strain, ey, is
obtained directly from the extensometer reading
Al or en = In(l, + AI/1,).

Referring to Fig. 4, it is interesting to note that
the load drop at yield occurs more markedly with
samples with increasing value of 6. Actual load
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Figure 4 Stress-strain curves for test samples with
different 6 values resolved in the normal direction of
groove.

at yield is greater for test samples with decreasing
8, as implied by the term sin? §. If the load drop at
yield comes about by abrupt change in dimension
locally over the deforming section, the result
suggests that yielding occurs more gradually
because of increasing geometric constraint with
decreasing values of 6.

Based on these stress-strain relationships, the
yield loci are plotted in Fig. 5 for both plane
stress plane, o3 = 0, and deviatoric stress plane,
g, + a, + a3 = 0. In these plots, the nominal
yield stress values corresponding to the maxi-
mum point of the load-clongation curve near
yield point was used; this was approximately
equivalent to the effective strain of ¢ = 0.05.
Results of duplicate tests data indicate that yield
stress in the tension-tension quadrant (near
a = %) is lower than that predicted by the Von
Mises criterion. On the other hand, the yield
stress in the tension-compression quadrant
{near a = — 1) is greater than that predicted by
the theory. Such an asymmetric yielding beha-
viour is also illustrated in the deviatoric stress
plane (Fig. 5b). While it is difficult to extrapolate
the yield loci throughout each quadrant, the
data do indicate a general trend which is con-
sistent with yielding behaviour of polymers
reported by others [5, 7, §, 11]. In particular, the
overall trend is the same as that of Higuchi and
Hyakutake [21] who had examined poly-
carbonate over the stress state corresponding to
a=1~0.

4.3. Craze versus stress state

The phenomenon of craze formation and its
effect on mechanical properties in rubber-

%, 4

L (a) a4=0

(b} o)+ oyt ay=0
-1_

Figure 5 Yield loci plotted on (a) plane stress plane and
(b) deviatoric stress plane. Duplicate test data are given
by circles and triangles, respectively. The stress ratio, o,
is equal to ,/0;.

modified polystyrene is well documented in the
literature [23, 24]. Rubber particles are known,
for example, to arrest crazes thus preventing the
localized deformation from taking place through
the bulk of material. The effect of different stress
states on the formation of crazes is not clearly
established at the present time and this is further
examined in this work.

In order to illustrate the overall trend of craze
formation with variations in stress state, samples
were taken from two specimens with extreme &
values, e.g. 8 = 24° and 88°. Samples were taken
from the groove of test specimens that have
been pulled to the point of maximum load (after
the vield drop) and examined by the trans-
mission electron microscopy method. Represen-
tative microstructures corresponding to two
deformed samples are shown in Fig. 6. Also
included in the figure are the directions of
loading as well as the orientation of the groove
in each sample. For the sample with groove
orientation of § = 24° (Fig. 6a) crazes were
oriented in two directions; one group had craze
normals parallel to the loading direction and the
other tilted away from the loading direction. The
total number of crazes was also less in sample (a)
6 = 24° than in sample (b), # = 88°; in the
latter the bulk of crazes had normals parallel to
the loading direction. The orientation depen-
dence of crazes in these two samples is more
clearly brought out in Fig. 7 which was obtained
from a total of about twenty different micro-
graphs for each sample. The effect of shrinkage
in the microtomed section along the cutting
direction was corrected by enlarging the photo-
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Figure 6 Representative microstructures of deformed sample: (@) 8 = 24° and (b) 6 = 88°,
loading as well as the position of groove (dotted lines) are indicated.
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Figure 7 Distribution of crazes with respect to loading
direction plotted in terms of angle, «, between craze
normal and loading direction, obtained for two samples
shown in Fig. 6.

micrograph in the cutting direction. This
corresponded to “stretching’ the micrographs in
the cutting direction so that the ellipse shaped
rubber modified particles assumed the circular
configuration. Results plotted in Fig. 7 suggest
that crazes do not necessarily form normal to the
principal tensile stress direction.

Returning to Fig. 6, it was also observed that
the width of crazes is somewhat greater in the
specimen with 8 == 88° (b) than that with 6 = 24°
(a). This may be rationalized on the basis of the
lateral growth of craze bands with increasing
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Directions of

strain; the sample (b) deformed to a greater
extent than the sample (a), as shown in Fig. 4.

Finally, there are clear indications that crazes
do not necessarily initiate at the particle-matrix
interface; instead, they appear to have initiated
at the polystyrene-polybutadiene interface within
the two-phase particle and subsequently pro-
pagate through the polystyrene matrix.

5. Discussions

It has been demonstrated that the plastic
potential does exist for the rubber-modified
polystyrene. An implication is that it is valid to
relate the incremental strain rate with corres-
ponding deviatoric stress,

8é;; = dAa'y; , (10)
or, the so called Lévy-Mises equations. The test
result is encouraging in view of the fact that such
relationship has been used in the past for
polymer materials without any basis. Applica-
tion of Lévy-Mises or the modified Lévy-Mises
equations for anisotropic material, however,
must be exercised with caution because of the
slight volume change that takes place with strain.
For example, Powers and Caddell [25] reported
a volume decrease of up to 2.5% with poly-
ethylene and a volume increase of about 0.6%
with polycarbonate and polymethylmethacrylate,
all in tension tests. The ratio of lateral contrac-
tion to longitudinal extension, however, varied
over the range of 0.54 to 0.61 when the sample
was pulled to the point of tensile instability in
polyethylene. Plastic flow after yield is also
known to take place at essentially constant
volume in compression tests [5, 26]. Therefore,
except at small strain, the strain ratio of 0.5 may
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be used judiciously for plasticity application, as
has been suggested by Williams and Ford [27].
Its use can be better justified when incremental
strain or strain rate is considered, as indicated in
Equation 10.

The merit of a simple testing technique has
also been demonstrated by the resulting yield
loci obtained over the part of the two stress
quadrants, Fig. 5. The data indicate the trend
that the strength of rubber-modified polystyrene
is dependent on the sign of stress, e.g. greater
resistance to plastic deformation in the tension-
compression quadrant than in the tension-tension
quadrant. This is consistent with the published
data that yielding is asymmetric in the first and
third quadrant of plane stress yield locus, sugges-
tive of pressure dependence of plastic resistance
in polymer material under general state of stress.

There are at least two areas where this type of
testing method can be usefully exploited. The
phenomenological description of a glassy
polymer is not complete without the full
characterization of pressure dependency of plas-
tic resistance. Since strip tensile specimen can be
tested more readily in a high pressure medium
than with conventional thin wall tube samples,
the effect of pressure on plastic behaviour in
terms of variations in stress state can be estab-
lished for glassy polymers. Another usage of the
testing method can be made in establishing the
yield locus for dilational deformation identified
with craze initiation. In the strict sense, what
Sternstein and Ongchin [28] call normal yield
does not correspond to yield locus under
combined stress loading conditions. It is a
collection of data points gathered under an
isochronous testing condition. Moreover, the
“locus’ of Sternstein and Ongchin violates the
principle of maximum plastic resistance which
forms.the basis for establishing yield criteria. For
this reason, the true locus for craze initiation may
be obtained under the constant strain rate
loading condition with the grooved sheet
specimen over the critical regions in the tension-
tension and tension-compression quadrants.

It is tempting to relate the orientation and
density dependency of crazing (Figs. 6 and 7)
with the variation of yield strength in plane stress
yield locus (Fig. 5). For example, more crazing
was observed normal to the major principal s*ress
direction when the measured yield strength was
lower than that predicted by the Von Mises
criterion (§ = 88°) as compared to the case of
0 = 24°. This implies that distortional and

dilational yielding processes have the same
origin; this obviously is wrong in view of the fact
that crazing does not take place when oy + o, +
a3 < 0. The details of how these two yielding
processes complement one another to give rise
to the observed yield stress are not clear based on
the present work. Results of Fig. 7 also indicate
that crazes do not necessarily form normal to the
direction of principal strain. This casts some
doubts on the prevailing theories on craze
initiation [29]. A complication with materials
such as rubber-modified polymer is that prin-
cipal stress direction may change locally due to
the presence of particles. In fact, crazes were
nucleated within the particle, presumably where
the stress state is more favourable for the
initiation. The general trend shown in Fig. 7
demonstrates that crazes occur in a complex
manner and that simple stress or strain criterion
may not apply equally to the processes of
initiation and propagation.

The arguments that have been put forward on
craze initiation are valid only if the structural
features shown in Fig. 6 are indeed all crazes,
not shear bands. Since craze and shear bands are
known to give similar morphology in poly-
styrene [30], experiments have been made to
produce shear bands under compressive loading
conditions to examine the details of structure.
Results indicate that large scale shear deforma-
tion in a compression test does not produce
crazes as shown in Fig. 6 [31].

There is an interesting by-product of the
present investigation that may be used as a
means of evaluating drawability of plastic sheet
products. This comes about from the require-
ment that the limiting drawing ratio is directly
related to the ratio of plane strain tensile
strength (o = 1) to shear strength (¢ = — 1in
Fig. 5) if the failure occurs on the punch-cup
interface. Since deformation at the punch
follows the path close to a = } and the flange is
close to path a = — 1, the increase in the stress
ratio means strengthening of the failure site at the
punch relative to that at the flange. This is a well
established phenomenon in the metal sheet
industry where crystallographic texture is used as
a means of controlling deep drawability of sheets
[32, 33]. If it is desired to estimate the deep
drawability of sheet materials with different
chemistry and processing methods, what is
needed is simply the ratio of yield strength
along the loading paths @ = { and o = — 1. This
could be done by preparing two sheet tensile
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specimens, one with 8 = (7/2) (e = }) and the
other § = (#/8) which is close enoughtoa = — 1
and can be tested most readily.

6. Conclusions

Some of the concluding remarks that can be
drawn from the present investigation are as
follows:

(1) The measured Lode’s parameters agree
closely with the predicted values, suggesting that
the plastic potential exists for the polymer
material.

(2) The obliquely grooved strip specimen can
be used effectively to establish the yielding
behaviour of polymers over the range of stress
states.

(3) The strength of rubber-modified poly-
styrene is dependent on the sign of stress, being
greater in the tension-compression quadrant
than in the tension-tension quadrant.

(4) Crazes initiate at the polystyrene-poly-
butadiene interface within the two-phase particle,
not at the particle-matrix interface.

(5) Crazes do not necessarily propagate
normal to the directions of principal tensile
stress or strain, implying that a simple criterion
may not apply equally to the initiation and
propagation processes.

(6) A simple procedure of predicting sheet
drawability is proposed for polymer materials
based on the obliquely grooved specimen
geometry.
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